
si
nc

(i
) 

R
es

ea
rc

h 
In

st
itu

te
 f

or
 S

ig
na

ls
, S

ys
te

m
s 

an
d 

C
om

pu
ta

tio
na

l I
nt

el
lig

en
ce

 (
si

nc
.u

nl
.e

du
.a

r)
N

es
to

r 
N

. D
en

iz
, M

. M
ur

ill
o,

 G
. S

an
ch

ez
 &

 L
. G

io
va

ni
ni

; "
R

ob
us

t s
ta

bi
lit

y 
of

 m
ov

in
g 

ho
ri

zo
n 

es
tim

at
io

n 
fo

r 
no

n-
lin

ea
r 

sy
st

em
s 

w
ith

 b
ou

nd
ed

 d
is

tu
rb

an
ce

s 
us

in
g 

ad
ap

tiv
e 

ar
ri

va
l c

os
t"

IE
T

 C
on

tr
ol

 T
he

or
y 

\&
 A

pp
lic

at
io

ns
, V

ol
. 1

4,
 N

o.
 1

8,
 p

p.
 2

87
9-

28
88

, 2
02

0.



si
nc

(i
) 

R
es

ea
rc

h 
In

st
itu

te
 f

or
 S

ig
na

ls
, S

ys
te

m
s 

an
d 

C
om

pu
ta

tio
na

l I
nt

el
lig

en
ce

 (
si

nc
.u

nl
.e

du
.a

r)
N

es
to

r 
N

. D
en

iz
, M

. M
ur

ill
o,

 G
. S

an
ch

ez
 &

 L
. G

io
va

ni
ni

; "
R

ob
us

t s
ta

bi
lit

y 
of

 m
ov

in
g 

ho
ri

zo
n 

es
tim

at
io

n 
fo

r 
no

n-
lin

ea
r 

sy
st

em
s 

w
ith

 b
ou

nd
ed

 d
is

tu
rb

an
ce

s 
us

in
g 

ad
ap

tiv
e 

ar
ri

va
l c

os
t"

IE
T

 C
on

tr
ol

 T
he

or
y 

\&
 A

pp
lic

at
io

ns
, V

ol
. 1

4,
 N

o.
 1

8,
 p

p.
 2

87
9-

28
88

, 2
02

0.



si
nc

(i
) 

R
es

ea
rc

h 
In

st
itu

te
 f

or
 S

ig
na

ls
, S

ys
te

m
s 

an
d 

C
om

pu
ta

tio
na

l I
nt

el
lig

en
ce

 (
si

nc
.u

nl
.e

du
.a

r)
N

es
to

r 
N

. D
en

iz
, M

. M
ur

ill
o,

 G
. S

an
ch

ez
 &

 L
. G

io
va

ni
ni

; "
R

ob
us

t s
ta

bi
lit

y 
of

 m
ov

in
g 

ho
ri

zo
n 

es
tim

at
io

n 
fo

r 
no

n-
lin

ea
r 

sy
st

em
s 

w
ith

 b
ou

nd
ed

 d
is

tu
rb

an
ce

s 
us

in
g 

ad
ap

tiv
e 

ar
ri

va
l c

os
t"

IE
T

 C
on

tr
ol

 T
he

or
y 

\&
 A

pp
lic

at
io

ns
, V

ol
. 1

4,
 N

o.
 1

8,
 p

p.
 2

87
9-

28
88

, 2
02

0.



β(r, s) ≤ cβr
ps−q, (18)

for some cβ ,p,q∈R≥0 and q≥ p.

Inequalities (17) and (18) have been used in previous works [25],
[26] to bound the estimator performance metric Ψ. Finally, the
def nition of a robust global asymptotic stability (RGAS) is intro-
duced to study the stability of a nonlinear system subject to bounded
disturbances.

DEFINITION 2.2 Consider the system (3) subject to disturbances
w ∈W (wmax) and v ∈V (vmax) for wmax,vmax ∈R≥0, with
prior estimate x̄0 ∈X (emax). The MHE equation (5) with adaptive
arrival cost (8) is robustly globally asymptotically stable (RGAS) if
there exists functions Φ∈KL and πw , πv ∈K such that ∀x0 ∈X
and ∀x̄0 ∈X0 the following inequality is satisf ed ∀k ∈Z≥0

|xk − x̂k|≤ Φ (|x0− x̄0|,k) + πw kwk[0,k−1] +

πv kvk[0,k−1] .
(19)

In the next section we will show that if system (3) is i-IOSS and
Assumptions 2.1 to 2.3 are fulf lled, the MHE estimator (5) with
adaptive arrival cost (8) is RGAS. Furthermore, if the process and
measurement disturbances are convergent (i.e., w ∈Cw,v ∈Cv),
then x̂k|k → xk as k → ∞ .

3 Robust stability of moving horizon estimation
under bounded disturbances

With all the elements introduced in the previous section, we are
ready to derive the main result: the RGAS of the proposed moving
horizon estimator with an estimation horizon Nmin for nonlinear
detectable systems under bounded disturbances. Furthermore, KL
and K functions exist such that (19) is valid with Φ,πw and πv for
all estimation horizon N ≥ Nmin .

THEOREM 3.1 Given the i-IOSS nonlinear system (3) with a prior
estimate x̄0 ∈X0 of its unknown initial condition x0 and bounded
disturbances w ∈W (wmax), v ∈V (vmax), Assumptions 2.1 to
2.3 are fulf lled, the prior weighting Γk−N is updated with algorithm
(8) and the estimation horizon verif es

Nmin :=

&

δ
ζ
η e

ζ− 1
η

maxC
ρ
η

P cβ18
p + λα1

min P −1
0 c13

α1+

c23
α2 + cβ2

p 1
η

'

,

(20)

then the resulting MHE estimator is stable.

Proof. See Appendix 7.

The proof of Theorem 3.1 is constructive and provides an esti-
mate of the estimation horizon N required to guarantee the stability
of the MHE estimator analyzed in this work. The estimates Nmin
and functions β̄, φw and φv are conservative, since their derivation
involved conservative estimates of noises, errors, stage and arrival
costs. Functions β̄ (r, s) ,φw (r) and φv (r) are given by

β̄ (|xk−N − x̄k−N |, j ) :=






kβ |xk−N − x̄k−N |
ζ CρP cβ 18p + λα1

min P −1
0 (c1 3

α1 + c2 3
α2 ) + cβ 2p , j = 0

|xk− N −x̄k− N |ζ

j η CρP cβ 18p + λα1
min P −1

0 (c1 3
α1 + c2 3

α2 ) + cβ 2p , j ∈Z[1,N ]

(21)

φw (kwk) :=
cβ 18p

|P −1
0 |

γ̄
p
a
w (kwk) + c2 3

α2 γ̄α2
w (kwk) + γ1 (6kwk) + γ1 6γ−1

w
(3γ̄w (kwk)) , (22)

φv (kvk) :=
cβ 18p

|P −1
0 |

γ̄
p
a
v (kvk) + c1 3

α1 γ̄α1
v (kvk) + γ2 (6kvk) + γ2 6γ−1

v
(3γ̄v (kvk)) , (23)

such that the estimation residual can be written as follows

|xk − x̂k|k|≤ β̄ (|xk−N − x̄k−N |,k) +φw (kwk) +φv (kvk) ∀k ∈Z[0,N ]. (24)

To guarantee the validity of previous results on the entire time hori-
zon we must determine if the resulting system is robust globally
stable. Firstly, we determine the decreasing rate of the function
β̄ (r, s) Nmin samplings time in the future. Adopting an estimator
with a window length N = Nmin such that

β̄ (δr, N ) ≤
Nmin

N

η

r, (25)

the effects of the initial conditions x0 will vanish with a decreasing
rate δ. As k → ∞ , x̂k|k will entry to the bounded setXI (w,v) ⊆ X
def ned by the noises of the system w and v as follows

XI (w,v) :=
n
|xk − x̂k|k|≤ δ(1+µ) (φw (kwk)+

φv (kvk))
o
, µ ∈R>0.

(26)

This set def nes the minimum size region that can be achieved
by removing the error in initial conditions (|x0− x̄0|≤ emax ). For
any MHE with adaptive arrival cost and window length N = Nmin ,
two situations can be considered

• The estimator has removed the effects of x0 on x̂k|k such that
|xk+j − x̂k+j |k+j |∈XI (w,v) for all j ∈Z>0, and

• The estimator has not removed the effects of x0 on x̂k|k such that
|xk+j − x̂k+j |k+j | /∈XI (w,v) for some j ∈Z>0,

Assuming the f rst situation, moving forward N samples ahead
equation (24), the following inequalities hold

|xk+N − x̂k+N |≤ β̄ (|xk − x̄k|,N ) +φw (kwk) +φv (kvk) ,

≤
|xk − x̄k|

δ
+φw (kwk) +φv (kvk) ,

≤ δ(1+µ) (φw (kwk) +φv (kvk)) .
(27)

This equation implies the fact that |xk+j − x̂k+j |k+j |∈
XI (w,v) ∀j ∈Z≥0. In the other case, when the estimation error
is outside of XI (w,v), equations (24) and (25) are recalled again
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