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Abstract

During the last two decades several generalizations of the traditional Tikhonov-Phillips
regularization method for solving inverse ill-posed problems have been proposed. Many
of these variants consist essentially of modifications on the penalizing term, which force
certain features in the obtained regularized solution ([II], [I7]). If it is known that the
regularity of the exact solution is inhomogeneous it is often desirable the use of mixed,
spatially adaptive methods ([7], [12]). These methods are also highly suitable when the
preservation of edges is an important issue, since they allow for the inclusion of anisotropic
penalizers for border detection ([19]).

In this work we propose the use of a penalizer resulting from the convex spatially-
adaptive combination of a classic L? penalizer and an anisotropic bounded variation semi-
norm. Results on existence and uniqueness of minimizers of the corresponding Tikhonov-
Phillips functional are presented. Results on the stability of those minimizers with respect
to perturbations in the data, in the regularization parameter and in the operator are also

established. Applications to image restoration problems are shown.
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1 INTRODUCTION

A linear inverse problem can be formulated as: find u € X such that
Tu =v, (1)

where T' is a bounded linear operator with non-closed range between two infinite dimensional
normed spaces X and ) (usually X and ) are function spaces) and v is the data, which might
be exactly or approximately known (with a certain error). Under these hypotheses it is well
known that problem ([J) is ill-posed, the Moore-Penrose pseudo-inverse of 7" is unbounded and
therefore small errors in the data v may result in arbitrarily large errors in the approximations
of u ([I8]). Because of this, problem () must be “regularized” before any attempt to solve it
is made. Regularizing problem ([I]) essentially means replacing it by a family of “well-posed”
problems whose solutions converge (in an appropriate sense) to a solution of the original prob-
lem. Undoubtedly, the most usual way of regularizing a linear ill-posed problem is by means
of the Tikhonov-Phillips method, which can be formulated as an unconstrained minimization
problem. In fact, given a penalizer W with domain D C X', the Tikhonov-Phillips regularized

solution of ([]) is the global minimizer over D of the functional
Fow(u) = [|Tu — || + aW (u), (2)

where o > 0 is a constant called regularization parameter. The original method was proposed
independently by Phillips and Tikhonov in 1962 and 1963 ([14], [20]) using W (u) = |jul/.
Other penalizers can also be used to regularize the problem and in the last few decades, consid-
erable research has been devoted in this direction. For instance, an interesting problem is the
study of penalizers which are particularly appropriate for preserving certain known or assumed
properties of the exact solution. Sufficient conditions on a general penalizer W guaranteeing ex-
istence, uniqueness and stability of the minimizers of (2]) under different types of perturbations
can be found in [6], [9], [11], [L6], [17].

In this article we will consider functionals W of mixed L?-BV type in which the idea of
“anisotropic” penalization will be incorporated. Mixed penalizers were previously studied by
a few authors (see [5], [I1], [12]). Anisotropy ideas were used in [§], [13] and [19] for edge
enhancement in problems of image deblurring and image denoising, whereas in [4] for image

inpainting.

2 PRELIMINARIES

In what follows Q C R? will be a bounded open convex set with Lipschitz boundary, M (£2)

shall denote the set of all real valued measurable functions defined on ©Q and M () the subset

2



F.J. Ibarrola, G. L. Mazzieri, R. Spies & K. G. Temperini; "Anisotropic BV-L 2 regularization of linear inverseill-posed problems”

sinc(i) Research Ingtitute for Signals, Systems and Computational Intelligence (fich.unl.edu.ar/sinc)
Journal of Mathematical Analysis and Applications, 2017.

of M(2) formed by those functions with values in [0, 1].

Definition 2.1. Given 6 € M(S2), a measurable matriz field A : Q — R>2 and p € [1, 00) we

define the functional J3, (u) with values on the extended reals by

Jya(u) = sup /—u div(0AD) dx, u € L' (), (3)
o reVy,, /0
where V', = {1V : Q — R? such that 0AV € C}(Q) and |F/(z)|,» < 1Va € Q} and p* is the
conjugate dual of p. Here, for any p € [1,00], | - |, denotes the p-norm in R?.

Remark 2.2. [t can be easily shown that for any uw € L'(Q) and any Q* C Q there holds

Ji () < Jg, (u) and V3, C Vi, .
Definition 2.3. The functional J (BV-seminorm) with values on the extended reals is defined
as
JH(u) = sup / —udivvdr, u€ LYQ) (4)
reve JQ

with V* = {0 : Q@ — R? such that 7 € C}(Q) and |V(z)], < 1Vz € Q}.

Remark 2.4. In the case 6(x) = 1, A(x) = I (the identity matriz) and p = 2 one clearly has
Vi, = V% and J3, = Ji. For convenience we shall suppress the superscript € and unless

otherwise specified Jy 4 ,, Vo 4, andV shall denote J3

Q Q ;
orapr Voa, and V?, respectively.

When 6, u and A are smooth, the functional J, , , takes a particular form.

Proposition 2.5. Let J, 4, be as in [3). If 0, u € W (Q), A € W' (Q;R?*?) is symmetric
and p € [1,2], then Jy 4,(w) = [|0 [AVu| ||,1q)-

Proof. Assume that 0, v € C*(Q) and A € C*(Q;R**?) (by standard density arguments, the
result can be proved for general 6, u € W'(Q) and A € Wh1(Q; R?*?)),

Let 77 denote the outward unit normal to 02 and ¢ the conjugate dual of p. Then for all
U € V, .4, it follows that

/ —udiv(0AD) dx = / Vu-0AV dx — / (ubAD - i) dS
Q Q

B
= /QVu QAU dx (since O AV|sq = 0)
= /Q AV - U dx (since A is symmetric)
< /Q 0AV | V], dx (by Holder’s inequality)
< /Q 0AV Y| dx (since [(z)| < 1Vz € Q).
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Taking supremum over 7/ € V, 4, it follows that J, 4,(u) < [0 [AVu| ||L1(q). For the opposite
inequality, let AVu(z) = (w,(z), w,(z))" and define

_ _ NT
7 () = [AVu(z)], " (sgn(w, (2)) [w, (@), sgn(w,(x)) Jwy(2)"1)", if AVu(z) # 0,
0, if AVu(z) = 0.
Then one has that |.(z)| <1Vz € Q and
/ AVu - 00, dx = / 0AVu|  dx. (5)
Q Q

Now, given any € > 0 there exists a function ¢ € C(Q; R?) such that by convolving 7, with
¢ we obtain a function 7. € C;(Q;R?) such that |7.(z)| < 1Vz € Q (and therefore 7. € V, 4,

since u and 6 are in C*(Q2) and A € C*(Q; R?**?)) for which ‘/ AVu -0V, — U.)dx| < e. From
0

this and (B) it follows that / —udiv(0AV.) dx > [|0 |AVul [[L1@) — €. Since ¢ is arbitrary,

9)
taking supremum over v € V, ,, we conclude that
Joap(u) Z 0]AV U], |21 @)
Hence J, 4, (u) = [|0 [AVu|  [|11(q), as we wanted to prove. O

In this article we will consider penalizers of the form

W ap(u —0&1/\\/1— (z)]* dz + g sup /—udiv(@Aﬁ)d:c,
Q

eV, Ap
/\\/1— @) da + as Jy . (w), (6)

where a1, ay are positive constants. In view of Proposition if 0, u € WH(Q) and A €
Wt (Q; R?*?) is symmetric then W, ,,(u) as defined in (6] takes the form

Wya(u) = a1/ [v/1— |2 dx + o ||0]AVul,| 1@

Note that the case 8(z) = 0 corresponds to the penalizer associated to the classical Tikhonov-
Phillips method, while #(x) = 1 corresponds to a pure anisotropic p-BV method, with the
classical bounded variation method corresponding to p = 2 and A(x) = I. The matrix field A
is introduced with the objective of allowing anisotropic penalization. There are several ways of
constructing this so-called “anisotropy matrix field”, either from structural prior information or
from the available data (see [4], [8]). The construction of this matrix field is a very important
matter on which we shall not get any deeper here. The general case can then be thought of as
a convex combination of a classical L? and an anisotropic p-BV penalizers. The particular case
A(z) = I was studied in [12].
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3 MAIN RESULTS

In this section we state our main results about existence, uniqueness and stability of minimizers
of generalized Tikhonov-Phillips functionals with penalizers involving spatially varying combi-
nations of the L?-norm and the functional J, ,, under different hypotheses on the function 6

and the anisotropy matrix A.

Definition 3.1. Letp € [1,2], Q C Q, 0 € M\(Q) with 3 € L*(Q), A: Q — R**? a measurable

matriz field. We shall say that 0 and A satisfy the weight-anisotropy (WA) condition in Q) if
1

> ———— Vreq. (7)

[
E®HE) HHAHL‘X’(Q)

16(2) A(x)

Here, for a 2 x 2 matriz B, || B||

p*-norm.

cw2oy denotes the norm of B as an operator on R? with the

In order to be able to use certain known coercivity properties of the functional JS (see
[1]) an inequality of the type J, 4,(u) > C J(u) for some constant C' is highly desired. The
following theorem provides sufficient conditions on # and A assuring that such an inequality
holds.

Theorem 3.2. Let p € [1,2] and 0 € M(Q) with L e L>(Q), A: Q — R¥? a measurable
matriz field such that they satisfy the WA condition in ) and let J, ,,, J3 be the functionals
defined in (3) and (), respectively. Then J&(u) < |5l Jo.a,(w) for all u € LY(Q).

Proof. Let u € L'(Q2). Then for all 7 € V

OAA—T
/—udivﬁdx = ||¢9_1HL°°(Q)/ —udiv (47”) dx
o o 167200 (0

<0 i@ sup /—udiv(@A&J’)dm
Q

@GEVg A p
= 107 | ooy Joan(w),

1?2,5(0) 5 € Vi, (which follows immediately from

the fact that 6 and A satisfy the WA condition in Q and 7 € V). Then, taking supremum for
v €V we conclude that J(u) < [|07Y| peo ) Joap(w). O

where the inequality is a consequence of T

The following lemma will be of fundamental importance for proving several of the upcoming

results.

Lemma 3.3. Let p € [1,2], 6 € M(Q) and A : Q — R>2 be a measurable matriz field. Then
the functional J, 4, defined by (3) is conver and weakly lower semicontinuous with respect to

the L1($2) topology for every q € [1,00).
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Proof. The convexity of J, 4, is trivial. To prove the weak lower semicontinuity, let ¢ € [1, 00),
{u,} € LQ) and u € LI(Q) be such that w, “Z{" 4. We want to show that Jpap(u) <
liminf J, 4 ,(uy). Let Ui € V, 4, and ¢* be the conjugate dual of q. Since AV, € C}(£?) it follows

n—o0

th%(ﬁweAﬂ)GED”GDc:LfGD.Thml/ﬁ—u&VwAﬁde::1m1 o, div(0AT,) dz <

QO n—o0 QO

liminf sup / —u, div(0AV) dx = liminf J, , ,(u,,), where the first equality follows from the
Q

n—o0 ﬁeveAp n—oo

weak convergence of wu, to u in L%(f2). Taking supremum over all 7, € V,,, it follows that

Joap(u) < lminf Jy 4, (uy). O
n—oo

We are now ready to present several results on existence, uniqueness and stability of mini-
mizers of generalized Tikhonov-Phillips functionals with penalizers involving spatially varying
combinations of the L?norm and of the functional .J, ,,, under different hypotheses on the

function ¢ and the anisotropy matrix A.

Theorem 3.4. Let X = L*(Q), Y a reflevive Banach space, T € L(X,Y), v € Y, a,, a,
positive constants, p € [1,2], 6 € M(Q) such that = € L'(Q) and 5 € L=(Q), A: Q — R¥?
a measurable matriz field such that 0 and A satisfy the WA condition in 0 (see Definition[31]).
Then the functional

Fyap(u) = [|Tu — UH; + auf[v1— 9“”%2(9) + iy o a (1)
=||Tu— |5+ Wya,(u), ueX, (8)

(where J, 4, and W, 4, are defined in (3) and (8) respectively) has a unique global minimizer
u € BV(Q).

Proof. We will prove that W, ,, is weakly lower semicontinuous and that W, , ,-bounded sets
are relatively weakly compact in X. It can be easily verified that these two conditions imply
the validity of Assumptions 3.11 and 3.22 in [I7] and therefore Proposition 4.1 in [17] holds
(for the linear case). To prove the weak lower semicontinuity of W, ,, let {u,} C & such that
U, — u. Since v/1 — 0 € L>(Q) one has v/1 — 0w, — /1 —u. The condition 1T19 e L'(Q)
implies that the functional |[v/1—0 - || 2., defines a norm in L?(2) and therefore it is weakly
lower semicontinuous. From this and the weak lower semicontinuity of J, ,, in L*(Q) = X (see
Lemma [3.3)) we conclude that the functional W, ,, is in fact weakly lower semicontinuous on
X.

To prove the relative weak compactness of W, , ,-bounded sets, let {u,} C X be such that
Wi ap(un) < ¢ < 00 Vn. We want to show that there exists a subsequence {u,;} C {un}
and u € X such that u,, — u. Since {W,_,,(u,)} is uniformly bounded, there exists K < oo
such that ||v/1 =0 uy,|,2q < K Vn. From this, the hypotheses 1 € L'(Q), 5 € L=(Q2) and

1-6

6
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Theorem [B.2] it follows easily that {u,} is BV (£2)-bounded. The existence of a global minimizer
of functional (&) belonging to BV (€2) then follows from the fact that BV (£2)-bounded sets are
relatively compact in L*(Q2) ([2], [3]). Finally, note that the condition - € L'(2) implies the
strict convexity of [|[v/1 — ful% « and, in light of Lemma[3.3] since the other two terms on the
RHS of (8)) are convex, the uniqueness of the global minimizer of F, ,, follows. O

Remark 3.5. Note that if 0(z) = 0, then W, ,,(u) = 041HUH%2(Q) and Fy 4, as defined in (3)
is the classical zero-order Tikhonov-Phillips functional, while for 8(x) = 1 a pure anisotropic
p—BYV penalizer is obtained. Although the hypotheses of Theorem clearly exclude both of
these cases, the existence of a global minimizer for the first one is well known while for the

second one, existence is gquaranteed by the next theorem.

Theorem 3.6. Let X = LY(Q), YV be a normed space, T € L(X,Y), v € YV, a a positive

constant, p € [1,2], A: Q — R¥? a measurable matriz field such that | A(x)| , o0, > 1V 2 € Q
and T'X,, # 0. Then the functional
F,, (u)= ||Tu—v||§,+a sup / —u div(AV) dx, u€ X, (9)
veEVAp JQ

where V,, = {V : Q — R? such that Av € C}(Q) and |U(x)|,~ < 1Vx € Q}, has a global

minimizer. Moreover, if T is injective then the global minimizer is unique.

P

Proof. By virtue of Theorem 3.1 in [1] it is sufficient to prove that the functional given in () is
weakly lower semicontinuous and BV-coercive. The weak lower semicontinuity of F),, follows
from Lemma B3] the boundedness of T" and the weak lower semicontinuity of the norm in Y.
For the BV-coercitivity note that the Theorem implies that

F(u) = ||Tu—v|)} + aJf(u) < Fy,(u). (10)

Now, since T'X, # 0, by Lemma 4.1 in [I] the functional F'(-) is BV-coercive. From this and
inequality (I0Q) it follows that F, (-) is also BV-coercive as we wanted to prove.
Finally note that if 7" is injective then F, ,(-) is strictly convex and therefore its global

minimizer is unique. H

It is timely to note that in Theorem [3.4] the function # cannot assume the extreme values 0
or 1 on a set of positive measure. In some cases a pure anisotropic BV regularization in some
regions and a pure L? regularization in others may be desired, and therefore such a constraint
on the function 6 will turn out to be inappropriate. In the next three theorems we introduce
different conditions which allow the function 6 to take the extreme values on sets of positive

measure.
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Theorem 3.7. Let Q C R? be a bounded open convex set with Lipschitz boundary, X = L?(Q),
Y a reflexive Banach space, T € L(X,Y), v € YV, oy, «, positive constants, p € [1,2], 0 € M\(Q)
and Q, = {z € Q such that §(z) = 0}. If 3+ € L=(Q), &5 € L'(Q) and A : Q — R¥>? ¢
measurable matriz field such that 0 and A satisfy the WA condition in Q. Then the functional

F, 4, defined by equation ([8) has a unique global minimizer 4 € L*(2) N BV (Q¢).

Proof. Under the hypotheses of the theorem, the functional F, ,, in (§) can be written as
Fya, = |Tu—v|3 + W, 4, (u), where now W, ., takes the form

Warnn (1) = a2, + 0 VT = Bull2a ) + s sup / ulgs div(0A7) dr. (1)
7€Vp A p J QG

Just like in Theorem [B.4], for the existence of a minimizer it suffices to prove that W, ,, is
weakly lower semicontinuous and that W, , ,-bounded sets are relatively weakly compact in X.
The weak lower semicontinuity of W, , , follows from identical steps to the ones in Theorem
[3.41 On the other hand, the relative weak compactness on W, , ,-bounded sets can be obtained
following similar steps as for the proof of Theorem 2.9 in [12], with the obvious modifications
to take into account the anisotropy matrix field A. Finally, uniqueness is a consequence of the

fact that the hypothesis 15 € L'(Q2) implies the strict convexity of £ 4. O

Note that in the previous theorem, the condition 1%9 € L'(Q2) implies 0 # 1 a.e. in Q. The

next theorem includes the case in which # can be equal to one on a set of positive measure.

Theorem 3.8. Let Q C R? be a bounded open convex set with Lipschitz boundary, X = L?(Q),
Y a reflexive Banach space, T € L(X,)), v € YV, ay, v, positive constants, p € [1,2]. Also let
Q, = {x € Q such that O(z) = 1}, A: Q — R2*2 be a measurable matriz field, 0 € M(Q) and
suppose 1 € L*(Q¢). Furthermore, assume that there exists M C Q (M a convez region with
Lipschitz continuous boundary) such that 5 € L=(M), TX,, # 0 and 0 and A satisfy the WA
condition in M. Then the functional defined by (8) has a global minimizer o € L?(Q)NBV (M).

If moreover, w € N(T) and u # 0 implies ulq, # 0, then such a global minimizer is unique.

Proof. We will prove that under the hypotheses of the theorem, the functional Fy , ,(-) defined
by (®) is weakly lower semicontinuous with respect to the L?*(2) topology and BV-coercive.

First, note that under the hypotheses of the theorem we can write
Fg’Ayp(u) - ||TU—U||§)+CY1||\/1 _9u||i2(ﬂ(i)+a2 ngA,p(U), u 6 X. (12)

Since 5 € L'(Q¢), it follows that [[v1—0 - |12(q¢) is a norm in L*(Q) and therefore

V1 —0ul? @, is weakly lower semicontinuous. The weak lower semicontinuity of Fy .,(*)
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then follows immediately from this fact, from Lemma B3 and from the convexity of ||Tu —v|[3,.
For the BV-coercivity, note that

1
| Tu —v[3 + o) (u) < [|[Tu—v|3 + 7 Jo.a,(u) (from Theorem B.2 and Remark 2.2))
L% (M)
1
< ]|Tu—v||§,+oz2 7 Jg,Ayp(u)jLole\/l—HuHiz(Q(l;)
Lo ()
1 . _
< Hg Fya,(u) (since |6 1HL°°(M) > 1). (13)
Lo (M)

Now, since TX,, # 0, by Lemma 4.1 in [I] the functional || Tu —vl|3, + asJ)" (u) is BV-coercive.
From this and inequality (I3) it follows that F, , ,(-) is also BV-coercive. The existence of a
global minimizer & € L*(£2) is then obtained from Theorem 3.1 in [I]. The fact that @ € BV (M)
follows immediately from observing that @ € L'(M) and, by virtue of (I3)), JM(u) < oo (since
Fy 4,(2) < 00). Finally, since Tu = 0 (for u # 0) implies u|o, # 0, it follows that F, ., is

strictly convex and therefore such a global minimizer @ is unique. O

Note that if in Theorem B8 Q, = ) and M = Qf (where Q¢ is as in Theorem [B.7) then
Theorem [B.§ reduces to Theorem B.71
Finally, we present two stability results for the minimizers of functionals of type () under

perturbations in the data, in the model and in the regularization parameters.

Theorem 3.9. Let Q C R? be a bounded open convex set with Lipschitz boundary, X = L*(Q),
Y a reflexive Banach space, p € [1,2], 0 € /\//Y(Q) such that 5 € L'(Q) and § € L=(9),
A Q — R?*? g measurable matriz field such that 0 and A satisfy the WA condition in €. Let
also T, T, € L(X,Y),v,v, € V,ay, a,, !l ol positive constants, for n = 1,2, ..., such that
asn — 00, ol = a;, &l = a,, v, = v and Ty,u — Tu uniformly for u in W, 4 ,-bounded

sets, where W, 4, is as in (6). Let F, ,, be as in (8) and define
n . 2 n n
Fy () = 1Ty — vy + o [VL = O ull e, + af” Jyap(u),  u € L(Q).
If @i, u, are the global minimizers of F, ., and Fy" , respectively, then u, — .

Proof. Note first that by virtue of Theorem B4 the functionals F, ,, and F,"  have unique
global minimizers @ and u,, respectively. To prove that u, — @, we will resort to Theorem 3.3
in [11], for which we need to prove that the following conditions hold: i) the functional W, ,, is
uniformly bounded from below; ii) every W, , ,-bounded set is relatively compact in X’; iii) the
functional F, ., is W,.,, subsequentially weakly lower semicontinuous; iv) the functional Fy"
is W, 4 ,-coercive; and v) Fy"  is W, 4 ~uniformly consistent for F, ,, (i.e. Fy" (u) = Fy ., (u),

uniformly for u in W, , ,-bounded sets).



sinc(i) Research Ingtitute for Signals, Systems and Computational Intelligence (fich.unl.edu.ar/sinc)

F.J. Ibarrola, G. L. Mazzieri, R. Spies & K. G. Temperini; "Anisotropic BV-L 2 regularization of linear inverseill-posed problems”

Journal of Mathematical Analysis and Applications, 2017.

Condition i) is trivial while condition ii) was proved in Theorem B4l On the other hand,
for iii), with a proof analogous to that of Theorem B.8 (with Q, = 0) it follows that F, ,, is
weakly lower semicontinuous (and hence subsequentially weakly lower semicontinuous). For
iv), let {u;} C L*(Q) such that W, ,,(u;) — oo as j — oo and note that F\" (u;) >

() ()
al”||V1 = Huj||i2(m + ol Ty ap(uj) > W, a,(u;), where ¢, = min{a1 az—} > 0, for all

a1 7 a2

n € N. Thus, F,") is W, , -coercive. Finally, v) follows immediately from the convergence of
a!” to o, as n — oo, for i = 1,2, from the fact v, converges to v and from the hypothesis that
T, u — Tw uniformly for v on W, , ,-bounded sets.

The result then follows from Theorem 3.3 in [11]. O

The next stability result corresponds to the existence proof of Theorem [3.6l

Theorem 3.10. Let Q C R? be a bounded open convex set with Lipschitz boundary, X = L(Q),
Y a reflexive Banach space, p € [1,2], A : Q — R**? q measurable matriz field such that 0 and
A satisfy the WA condition in Q. Let also T, T, € L(X,)),v,v, € Y, , , positive constants,
forn =1,2 ..., such that as n — oo, a,, = «, v, = v, [|[Tuxall = v > 0 and T,u — Tu for
every u in X. Let F,, be as in [4) and define

F"(u) = || Thu — vnHi, + v, sup / —u div(AV) dz, u € L'(R),
JEVA,p Q
where V,, is as defined in Theorem [38. If i, u, are the global minimizers of F,, and Fy",

respectively, then |u, — 4| 1 — 0.

Proof. Under the hypotheses of the theorem, the existence of unique global minimizers u, u,, of
F,, and F{") respectively, follows immediately from Theorem

To prove the result we will use Theorem 3.2 in [1]. For that, it suffices to prove that: i) the
functionals F,, and F{") are BV-coercive; ii) F,, and F{") are lower semicontinuous; iii) the
sequence of functionals {F{"} is uniformly BV-coercive and iv) {F{")} is consistent for F,,
uniformly on BV-bounded sets.

Conditions i) and ii) for F,, and F\" follow immediately as in the proof of Theorem

For the uniform BV-coercivity condition iii) note that for any v € L*(2) one has

F(u) = | Tou— o5, + an sup /Q —udiv(A7) dx

ﬁEVA,p
> || Thu — vnHi, + anJo(u) (by virtue of Theorem B.2))

> || Thu — vnHi, + (o —€)Jo(u) (for some € > 0, since a,, — ). (14)

10
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Now, by Theorem 4.2 in [I] it follows that the functional || T, u — UnHi,—i- (av—e€)Jy(u) is uniformly
BV-coercive. From this and inequality (I4]) we conclude that {F{")} is uniformly BV-coercive.
Condition iv) (consistency) follows immediately as in Theorem 4.2 in [I].

The result then follows from Theorem 3.2 in [1]. O

4 APPLICATIONS TO IMAGE RESTORATION

The purpose of this section is to present some applications of the mixed regularization method
developed in the previous section, consisting in the simultaneous use of penalizers of L? and
anisotropic bounded-variation (BV) type, to tackle an image restoration problem. We will show
how this mixed method outperforms the pure single ones, more so when the regularity of the

exact solution is inhomogeneous and/or anisotropic.

4.1 Modeling

The basic mathematical model for image blurring is given by the following Fredholm integral

equation of the first kind:
Tt = [ [ Hewa )5 y)a'dy = gtan) (15)

where 0 C R? is a bounded domain, f € X = L?*() represents the original image, k is the
so called “point spread function” (PSF) and g is the blurred image. For the examples shown
below we used a PSF of “atmospheric turbulence” type, i.e. we chose k to be a two-dimensional

Gaussian kernel:
k‘(l’, Y, ZE'/, y/) = (27T0-h0-v)_1 exp <_% (ZIZ' - [L’/)2 - ﬁ (y - y/)2> ) (16)

where 05, and o, are the horizontal and vertical standard deviations, respectively. It is well
known ([6]) that with this PSF the operator 7 in (&) is compact with non-closed range and
therefore 77, the Moore-Penrose inverse of 7, is unbounded and problem (IH), i.e.

Tr=g9 (17)

is ill-posed.

4.2 Discretization

For the numerical examples that follow, we considered images defined over the domain €2 =
[0,1] x [0, 1], discretized to obtain an M-by-M pixel grid and hence an M-by-M matrix U,

11
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whose entries consist of the values of the light intensity function f at the centerpoints of
each pixel. Next, we stacked the columns of the matrix U to get a vector u € RM * so that
Un(1=1)4m = Umy VI,m =1,2,..., M. Denoting with T" the matrix associated to the standard

discretization of the operator T, the finite dimensional problem corresponding to (I7) reads
Tu=w,

where v is the vector obtained by evaluating g at the centerpoints of the pixels. We further
assume that our observations are contaminated with white noise. Hence, our model is finally
stated as

Tu=v+e, (18)

where ¢ € RM” is a realization of a random variable with distribution N(0,02,;..Ips2).

Similarly, the discretized version of functional () takes the form
M (um - um+1)
M (U, — Upp—p1)

where A,, and 0,, are the values of the matrix field A and of the weighting function 6 at the

o1
Fon() = o [Tu— vl + T VT = Bulf + <% > 6,

meM

Y

p

(19)

centerpoint of the m'™ pixel, respectively, and 9t denotes the set of interior pixels. Next, we
shall state a suitable method to approximate the minimizer of (I9) when p = 1. Similar steps
lead to the corresponding method for the case p = 2. Although we do not delve into details

here, a complete explanation for the case p = 1 can be found in [10].

4.3 Numerical implementation

We build the anisotropy matrix field A : Q — R?*2 following the ideas in [4]. We begin
by computing an a-priori estimation of the gradient field Vu,(x,y), where u, is a zero-order
Tikhonov-Phillips restoration. Then A is constructed from Vu, so as to comply with the

following properties:
o A(z,y) is a symmetric positive definite matrix V(z,y) € Q.
o If Vu,(z,y) =0, A(z,y) = I (the identity matrix).

o If Vu,(z,y) # 0, A(z,y) has eigenvalues o,(x,y) and eigenvectors v;(z,y), j = 1,2, such
that

vi(@,y) [| Vup(z, y), a1(z,y) = M|V, (2, y)]),
va(@,y) L Vuy(z,y), oa(,y) = 1,

12
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where the function h above is decreasing, with 0 < h(t) < 1 Vt € R*,h(0) = 1 and
h(oco) = 0.

For our numerical examples, we took h(t) = [1 + (¢/7)%]"!, where 7,5 > 0 are control
parameters that can roughly be referred to as the break point from which we infer the image
has an edge and the width of the transition region, respectively. With this choice of h, A was
constructed as

V(@) } [ vu,,@,y)'ﬁ (20)

A(z,y) =1 — (1 = h(|Vuy(z,v)|)) hvup(g; | || Vu,(z,y)

The weighting function 6 was constructed by scaling to [0, 1] the norm of Vu,; that is

|Vuy(z,y)|
max(z yyeq | Vup(z, y)|

0(z,y) = (21)

Notice that with this choice of 6, functional (I9) resembles the one corresponding to pure
Tikhonov-Phillips regularization where |Vu,| is small, while it approaches a pure anisotropic
BV functional where |Vu,| is large. It can be shown that § and A as chosen in (2II) and (20,
satisfy the WA condition (7)) in 2 = [0, 1] x [0, 1] for both p =1 and p = 2.

It now remains to find the minimizer of (I9). To acomplish this, we approximate F, ,, by
a differentiable functional in order to consider its first order necessary condition. We do so by
replacing, for w € R, the value of |w| by ¢(w), where ¢ : R — R is given by ¢(t) = \/t? + n?>—n,
for n sufficiently small. With this choice of ¢, it can be shown ([15], §12) that there exists a

function v satisfying the following duality relation:

P(t) = igg(stZ +9(s)), (22)
U(s) = §g£(¢(t) — st?),

and therefore
A M (U, — Upy1)
M (U, — Um—nr) .

tm1 = M[afbl (U — Um—p1) + asz (U — Upmt1)),

~odnf (smth + P(sm) + I (guths + 1(gm))

sm€ERT qm€R

where

and
tma = Mlay ) (Upm — Um—ar) + a5 (U — Umy1)]-
Define now the four M?-by-M?* diagonal matrices A, for 4,5 = 1,2, by A}J =~ = a,

if m € 9 and Ai;f;m = 0 otherwise. In a similar fashion, let © = diag(0,,)r2xar2, and

13
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S,Q : RM* — RM**M* defined as S(s) = diag(sm)uyexae and Q(q) = diag(gm) ez, Let L,
and L, be the M?-by-M? first order finite difference approximating matrices for the components
of the gradient, and let R, and Ry be the M?-by-M? matrices defined as Ry = AL, + AML,
and Ry = A*'L, + A*?L,. Finally, let I be the M?-by-M? identity matrix, and define the
functional F} ,,(u, s, q) : (RM*)3 = R by

Eyai(u,s,q) =||Tu—v|? + %ut([Mz — O)u + axu' REOSRu + aou’ REOQ Rou

175 2 O (sm) + 55 D Bt (@) (23)
It can be shown ([10]) that

inf ) FG,A,l(uu S, Q> = Fe,A,1(U>7
s,gERM
and hence, our problem of approximating the minimizer of (I9]) turns out to be tantamount to
minimizing Fe, a1 With respect to u, s and ¢, simultaneously. Note that the first order necessary

condition on F, ,, with respect to u can be written as:

(TtT + oy (IMZ — @) + OéQRtl@SRl + agRé@QRg) u = Tt’U. (24)

~

In order to minimize Fy ,, with respect to s and ¢ we resort to (22) to deduce that if
bm = arg minsm€R+ {Smt?n,l + w(sm)} ) then
¢/(tm,1)

by, = . 25
2t (25)
Similarly, if ¢,, = argmin,, g, {qmtZ o + ()}, then
¢,(tm 2)
@ Uma) 26
T ot (26)

Finally, the iterative algorithm can be stated as follows:

Step 1 - Initializing. Set j = 0, and initialize / = «°, ¥ = 1° and ¢/ = . (u0,b°, P € RM’

arbitrarily chosen.)
Step 2 - Counting. Make j =75 + 1.
Step 3 - Updating b. Update ¥ and ¢/ using equations (25]) and (26)).
Step 4 - Updating u. Update u’ by solving the linear system (24)).

Step 5 - Stopping. If a previously defined convergency criterion is satisfied, the algorithm
ends and the global minimizer of (23)), 4, is approximated by u’. Otherwise, the algorithm

repeats from step 2.

Next, we show some restoration examples produced with the aforementioned algorithm.

14
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4.4 Numerical results

We shall first consider a 130 x 130 pixel color image and its corresponding blurred noisy version,
obtained by model (I8) with o}, = 0, = 2.5% and 0,055 = 2.5%.

It is worth mentioning here that the blurring process, noise addition and restorations for the
following examples were done separately on the red, green and blue layers of the color images.

Example 1: Figure [Il depicts the blurred noisy image that constitutes the observation v
of the problem, along with a restoration produced with the traditional zero-order Tikhonov-
Phillips regularization (from which we later estimated the gradient field to build A and 6).
Figure [2 shows the images restored using both the isotropic and anisotropic BV methods, with
p = 1. Note that there is a significant difference on the curvature of some of the edges produced
by the different methods. Finally, Figure [3] depicts the results of the isotropic and anisotropic

mixed methods.

(b)

Figure 1: (a) Blurred noisy image (observation); (b) Tikhonov-Phillips restoration.
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Figure 2: (a) Isotropic BV restoration; (b) Anisotropic BV restoration.

Figure 3: (a) Mixed isotropic restoration; (b) Mixed anisotropic restoration.

In order to make an objective performance comparison, we use the ISNR, defined as
ISNR(a) = 101ogy, (|lv — uol*/[& — uoll*) ,

where g is the original image (unknown in real-life problems) and @ is the restored image. The
ISNR values of the restorations for Example 1 are depicted in Table [, alongside the original

image uyg.
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‘

Restoration Method ISNR

Tikhonov 0 2.508
Isotropic BV 2.452
Anisotropic BV 2.998
Mixed Isotropic 3.211

Mixed Anisotropic 3.398

Figure 4: Original image Table 1: ISNR values.

In order to illustrate the importance of allowing 6 to be space-dependent, the same previous
deblurring problem was solved by choosing 6 constant (note that in this case the existence and
uniqueness of minimizers is well known for the extreme cases § = 1 and 6 = 0, while for 0 <
0 < 1 well-posedness is given by Theorem B.8)). Both the mixed isotropic and mixed anisotropic
methods were run for the image shown in Figure[I[a) setting 6 € (0, 1) as a constant. Note that
the value of this constant results irrelevant since it will be compensated by the regularization
parameters oy and a (obtained using Morozov’s Discrepancy Principle). The obtained ISNR
values were 3.124 and 3.285 for the isotropic and anisotropic mixed regularization models,
respectively.

Example 2: We now show another example of a 130 x 130 pixel color image, blurred
with standard deviations o5, = 0, = 2% and contaminated with 2.5% white additive Gaussian
noise. The blurred noisy image v is depicted in Figure [l along with the restoration produced
with a zero-order Tikhonov-Phillips regularization. In this case, the restorations including BV
regularization were done with p = 2. Figures [@l and [ show the results for the BV and mixed
methods.
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Figure 7: (a) Mixed isotropic restoration; (b) Mixed anisotropic restoration.

Once again, we computed the ISNR values, which are presented in Table 2lalong the original

image ug, in Figure

Restoration Method ISNR

Tikhonov 0 2.415
Isotropic BV 2.580
Anisotropic BV 2.627
Mixed Isotropic 2.845

Mixed Anisotropic 2.942

Figure 8: Original image Table 2: ISNR values.

5 CONCLUSIONS

In this work we presented several mathematical results on existence, uniqueness and stability of
global minimizers of generalized Tikhonov-Phillips functionals with penalizers given by convex
spatially-adaptive combinations of L? and anisotropic BV type. These penalizers are conceived
so as to capture the benefits of both smooth L? regularization and the well known border-
preserving properties of total variation penalization. Adaptivity is achieved through a spatially-

varying weighting function ¢ while anisotropy is attained by the inclusion of a matrix field in
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the BV part of the penalizer. Although both the weighting function and the anisotropy matrix
field can be prescribed a-priori, we showed how both can be appropriately constructed from a
first estimation of the gradient field.

The main stability results (Theorems and [B.10) contemplate not only perturbations in
the data, but also in the model and in the regularization parameters.

In order to illustrate the performance of the mixed L2-BV regularization method, some
examples of image restoration problems were presented. Through these examples it was shown
that the introduction of spatial adaptivity improves the quality of the restoration on images with
heterogeneous properties in terms of edges and smooth regions. Furthermore, the introduction
of anisotropy in the model was shown to improve restoration of borders in the images. These
conclusions are supported by the ISNR values on Tables[Iland 2l Although there is undoubtedly
much room for further research, these preliminary results indicate that, with appropriate choices
of the weighting function 6§ and of the anisotropy matrix field A, the mixed combined method

outperforms all single ones.
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