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Polynomial Approach to Nonlinear Predictive GMYV Control

M. J. Grimble, P. Majecki and L. Giovanini

Abstract—A simple approach is described for the design of
nonlinear predictive controllers. The Nonlinear Predictive
Generalized Minimum Variance (NPGMYV) control algorithm is
introduced for nonlinear discrete-time multivariable systems.
The system is represented by a combination of a stable
nonlinear subsystem where no structure is assumed and a linear
subsystem that may be unstable and modelled in polynomial
matrix form. The multi-step predictive control cost index to be
minimised involves both weighted error and control signal
costing terms. The solution for the control law is derived in the
time-domain using a very nonlinear operator model of the
process. The controller includes an internal nonlinear model of
the process but because of the assumed structure of the system,
that has a linear disturbance model, the polynomial equations
for the predictor are linear.

I. INTRODUCTION

The aim is to introduce a relatively simple controller for
nonlinear systems and one that has some of the advantages
of the popular polynomial based Generalised Predictive
Control (GPC) algorithms. It is well known that nonlinear
systems have more complex behaviour than linear systems
including limit cycle responses and chaotic behaviour. The
proposed controller does not rely on local linearization and
it provides a global optimal control solution.

The linear model based predictive control (MBPC)
approach has been applied very successfully in the process
industries, where it has improved the profitability and
competitiveness of a production plant. It has been used to
improve performance in difficult systems which contain long
dead times, time-varying system parameters and
multivariable interactions. The most popular predictive
control algorithms are Dynamic Matrix Control (DMC) [1],
Generalized Predictive Control (GPC) [2,3] and the
algorithms of Richalet [4,5]. The relationship between LQ
optimal and predictive control was explored in [6].

The GPC controller was originally obtained in a
polynomial system form. The control strategy developed
here also builds upon previous results on Generalised
Minimum Variance (GMV) control. A Nonlinear
Generalized Minimum Variance (NGMV) controller was
derived recently for nonlinear model based multivariable
systems. The assumption was made that the plant model
could be decomposed into a set of delay terms, a very
general nonlinear subsystem that had to be stable and a
linear subsystem that could be represented in polynomial
matrix or state equation form and include unstable modes.
This problem was analysed in [7-9].

Manuscript received Manuscript received March, 30, 2007. We are
grateful for the support of the Engineering and Physical Sciences Research
Council on the Platform Grant Project N® EP/C526422/1.

ISBN: 978-960-89028-5-5

The major development over the basic NGMV control law
involves an extension of the NGMV cost-index to include
future tracking error and control costing terms in a GPC type
of problem where the linear sub-system of the plant model is
represented in polynomial matrix equation form. When the
system is linear the controller is equivalent to a GPC
controller that is used in many applications. There is a rich
history [10,11] of relatively recent research on nonlinear
predictive control but the proposed approach is somewhat
different, since it is closely linked to the NGMV design
philosophy.

II. SYSTEM DESCRIPTION

The assumed model for the plant can be severely nonlinear
and dynamic and may have a very general form but the
disturbance model is chosen to be linear so that relatively
simple results are obtained. This is not restrictive, since in
many applications the model for the disturbance signal is
only an LTI approximation. The system shown in Fig. 1
includes the nonlinear plant model together with the linear
reference, measurement noise and disturbance signals. The
signals v(t) and &(t) are vector zero-mean, independent,

white noise signals. The measurement noise signal {v(t)}
has a constant covariance matrix: Rf =R; >0 and the

disturbance white noise source {&(¢)} has an identity

covariance matrix.
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Fig.1: NPGMYV 2-Degrees of Freedom Feedback Control

The plant model can have a very general nonlinear
operator form, which might involve hard nonlinearities, a
state-dependent state-space model, transfer operators or
even nonlinear-function look up tables.

Nonlinear Plant: (W u)(r)=z - (W, u)(2) (1)
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where z I denotes a diagonal matrix of the common delay
elements in the output signal paths.

The output of the non-linear subsystem )}, will be denoted
uy (1) = (Wyu)(z). For simplicity the nonlinear subsystem:
W, is assumed to be finite gain stable but the linear

subsystem, denoted: W, = Z_kWOk , is introduced below and

can contain any unstable modes.

A. Linear Subsystem Polynomial Matrix Models

The polynomial matrix system models, for the (rXm)
multivariable system may now be introduced. The sub-
systems to be defined are associated with any linear sub-
system W, in the plant model and the linear disturbance
model. = The CARMA model, representing the linear
subsystem of the plant model in GPC design, is defined as:

A(2)y() = By (27 Jug (t = k) + C,(27)E(1) )

where {(t)} and the input signal channels in the plant model
are assumed to include a k-steps (k > 0) transport delay and

Bo(zil) = Bok(zil)zik .
linear sub-system, referred to above and the disturbance

model may therefore be defined, without loss of generality,
in the left coprime unit-delay operator form:

The delay free plant transfer of the

Wo (27 W,z D= A Y By (27 Cuz7H1 (3)

For later use introduce a cost-function weighting model in
left coprime polynomial matrix form, as P, = P,; P,,. The

weighted output: y (¢) = Peo(27) y(t):

yp(t) = Fey Ail(BOkuo (t—k) + C,&(1)) 4)

The arguments of these polynomial matrices are often
omitted. The power spectrum for the disturbance and noise
signal f=d+v=W,E+v can be computed, noting these

are linear, using: @, =@, +P,, =WdW[;k + R, , where the
notation for the adjoint of W, implies: W, (z™") =W/ (z)
and only in this case z represents the z-domain complex
number.  The generalized spectral-factor Y, may be
computed as YfY}k =P 7o where Yf =A_1Df. Assume
models are such that D, is a strictly Schur polynomial

matrix that satisfies:

D;D; =C,C,+AR;A )

The model for the disturbance signal is linear, which is an
assumption that does not affect stability properties. It is well
known that the signal: f=d+v may be modelled in

F@O) =Y, 60,
Yf =A"'D x is defined by the spectral factorisation (5) and

innovations signal form as: where

ThA07.3

{e(#)} denotes a white noise signal of zero-mean and identity

covariance matrix [12].
assumed to be such that D, is stricily Schur.

The system description may be
The

observations signal may therefore be written, using (2) and
the innovations signal model, as:

2(t) = A" By (t — k) + Y,€(t) (6)
Define the right coprime model for the weighted factor:
Pz Y,z =Dy HA (27 (7)

The weighted observations signal: z,(t) = F.,(z™")z(t) or

2,(t) = P Wy, (t — k) + Dy Al e(t) (8)

B. Optimal Linear Predictor Problem

The solution of the optimal control problem requires the
introduction of a least squares predictor. This enables the
inferred output y at times: t + k + 1, t + k + 2,. to be
calculated (assuming that the disturbance at future times is
null). The prediction error cost-function to be minimised,

J = B{g,(t +j| t)’ ©)
The estimation error:
g,t+ilt)=y,@t+5) -9+t (10)

and §,(t+j|t) defines the predicted value of y,()at a

time j steps ahead. The following Diophantine equation

must be solved for the solution: (E/.,H_,.), E]. smallest
degree:
E](z'1 )Af(z'l) + z"_kH](z'l) = Dfp(z'l) (11)

This equation may be written in the transfer operator form:

E](z_l) + z""kl’:lj(z_1 )A_;l(z'l) =D, (=" )Af_l(z'l) (12)

Weighted Observations: Substituting from (6), (8), (11):
z,(t) = PeWou,(t —k) + E,&(t)

+ 2 H A (Y] 2(t) - D) By (t — k)

= E.&(t)+ 2" H,D} P, 2(t)

+(Poy A7 By = 27 H AP D] By, )y (= )

Weighted Output Signal: To obtain the expression for the
weighted output note z,(t) = B 2(t) = y,(t) + v (t), where
y,(t) = Feoy(t) and v (t) = F.,o(t) . Thence,

z,(t) = Ee(t) + 27 H D'z (1)

+(PeY, A =277 H, ) A7 D] By (t = K) (13)
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but from (7): F(Y;A; = Dy, and from (12) and (13):

y,(t) = Ee(t)—v,(t)+ 2 "H D}z (t)
+(D;

7

-2 H,) A;'D;' By, (t - k)

Thence, using (11), the j+k steps ahead weighted output:
y,(t+j+k)=Ee(lt+j+k)—v,(t+j+k)+HD;z(t)
+E D' By uy(t + ) (14)

To simplify the equations define the right coprime model:

By (=)D (27) = D' (2B (+7) (15)

Let signal: u,(t) = D} (2™ Juy(t) , then (14) is written as:
y(t+j+k) =(E,(z)e(t+j+k)—v,(t+j+k))
+[H,(z)D, (z7)z, (1) + E(z7)By (" u (t+ 5)]  (16)

The maximum degree of the polynomial matrix E; is
J +k —1and hence the noise components in Eg(t + j + k)

includes: &(t + j + k) ..., €(t + 1), which are at future times.

C. Derivation of the Predictor

Consider the case where the measurement noise term v(t)
is zero. The optimal predictor of the output at time
t+j+k, given observations up to time z, can now be
derived. The observations, up to time ¢ are known and the
future values of the control inputs: u(t) .., u,(t + j) used in
the predictor are computed at time #, and hence the future
control input is independent of the future disturbance and
noise sequence. It follows that the expected value of the
square [.] and round (.) bracketed terms in equation (16)
must be zero. The optimal predictor to minimise the cost-
function: (9), given that the cross terms in the cost are null,
then follows, from (16) as:
a7

j,(t+j+k|t)=[HD;'2 (t)+ E,Bu,(t + j)]
Consider the case where the measurement noise is non-zero

then the weighted noise v,(t + j+ k) =P, (2" Ju(t + j + k).
If the weighting P, (z™') is a constant, which is usual in
GPC control, or if it is assumed a polynomial matrix of
degree: j+k—1, then v,(t+j+Fk) is only dependent on

future white measurement noise terms and the expected value
of such a term and the square bracketed terms in equation
(16) must be zero. The optimal predictor is therefore again
given by (17) and the prediction error:

G+ j+k[t)=(Eet+i+k)—v,(t+j+k) (18)

A second Diophantine equation may be introduced to break
up the term: E,(z7")B,, (¢7') into a part with a j+/ delay and
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part depending on D, (™) (u,(t) = Dj'uy(t)). Thus, for
Jj 20, introduce an equation, which has solution (G, S.),

of smallest degree for G, :

Gj(z'1 )Dfl(z'l) + z'j_lSj(z'l) = Ej(z'1 VB, (z7) (19)

Thus, deg(G,(z™')) =7, where G,(z”') will be written as:
G(z")=g,+ g2z +--+g,z”. The prediction equation,
from (17), may now be obtained (for j = 0) as:

g,(t+j+k|t)=HD, 2

fo "
= HjD'lz

fo “p

)+ (G.Dyy + 2778 Ju, (t+ j)

(t) + G uy(t + 5) + Syu(t =1) (20)

The degree of G].(z'l) is j and the second term in (20)

therefore involves future inputs. Define the signal: f;(t) as:

fi(t) = H,(z")D; (z7)z, () + S,(z7 u, (£ - 1) (1)
Thus, the predicted weighted output (20), for j >0,
g, (t+j+ k| t) =G, (2 uy(t + j) + f,(t) (22)

D. Matrix Representation of the Prediction Equations

The future weighted outputs are to be predicted in the
following section for inputs computed in the interval:
te[t,t+N] where N 2>0. The equation (22) may

therefore be used to obtain the following vector equation for
the weighted output at N + 1 future values of time:

g,}(t + k‘ t) 9o 0 - 0 0 uo(t) fo(t)
g}y(t + 1 +k|t) g‘1 g 0 - 0 Uo(t.+ 1) fl(f) 23)
: =] : 9 9% : : +|
g,(t+ N +k|t) In  na - 9o || uy(t + N) fy(@®)

Introducing an obvious definition of terms for the matrices
in (23) the predicted weighted outputs may be written as:

Y;Jrk,w = GNUITN + E\ (24)
The vector F, , may now be found using (21), as:
O] [H) .0
RO | HED | 5,(1)
Fy=| . |= D (z7)z,(t) + u (t—1)
fN(t) HN(Z_l) SN(t)
= Hy,(27)z,(t) + Sy, (27 (t = 1) (25)
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et +k)+...+e et +1)—uv,(t+k)

et +1+k)+. .. +eelt+1)—v,(t+1+Fk) (26)

+h, N T

et + N +k)+...+ey, &t+1)—v,(t+N+k)

It is reasonable to assume in many applications that the
future variations of the set-point or reference signal {r(t)}

are predetermined, over a fixed future horizon of N steps.
The weighted reference is assumed to include the error

weighting: () = B (2" )r(t). The vectors of weighted

reference, output and input signals may be defined as:

() y,(1) uy(t)
r,(t+1) y,(t+1) uy (t +1)
e R A P R T @7
r,(t+N) yp(t+N) u,(t+ N)

The k steps-ahead future weighted outputs can be written in
vector terms Y, =Y,y + Ym« v and the future tracking

error, that includes any dynamic error weighting, may
therefore be written in vector form as:

EHk.N = RM-,.N - Y/,+k,w = R/,Jrk-,w - (Y/H Nt YH/« \) (28)

The vector of predicted signals: ﬁm.w in (28) and the

prediction error: Y, y are orthogonal.

III. REVIEW OF GENERALISED PREDICTIVE CONTROL

A review of the derivation of the GPC controller is
provided below where the input will be taken to be that for

the linear sub-system (1), since it also provides results that

are needed for the definition of the nonlinear problem of
interest. ~ Only the main points in the solution are
summarised. The GPC performance index to be minimised:

N

J= E{Z():ep(t R e (4 +R)+ A+ ) w(E+ )| ¢ (29)
J=

the conditional

where denotes

E{.|1}

conditioned on measurements up to time f;

expectation,
/1]. denotes

a scalar control signal weighting factor and the vector of

future weighted error signal values
e,(t+j+k)=Poy(z)(r(t+j+k)—ylt+j+k)).
GPC Performance Index: The multi-step cost-function

may therefore be written, in a more concise vector form, as:

J= E{Jr} = E{(RJrk.N - Yr+k,N)T(R+k_N - Ur(,)N ‘ t} (30)

Introducing the optimal predictor, using (28) and (30),

J = E{(RH—AN ( t+k,N +Yt+k1v)) (Rt+k4N_(Y;+AN +Y;+kN))
+U AUy [ 1) (31)

V) +UuA

ThA07.3

where the cost weightings on the future inputs i, are written

as: Ay =diag{A; A7 . Av}.

E. GPC Optimal Control Solution
The terms in the performance index can then be simplified

by first noting the prediction errors in Ym ~ depends on

future values of the signal {e(¢)}, which are assumed to be

independent of future controls. The estimate: Y, , . is

therefore orthogonal to the estimation error: Ym«\ In

addition observe that the future reference or set-point

trajectory: R, , is assumed to be a known signal over the

N+1 steps. The vector/matrix form of the cost expression:

J= (RHI;N - }/Hk,sv )T(RHI;N - }}Hk,sv) UOTA2 U(' + J (32)

where the cost term: J, = E r’ [#} is independent of

t+k,N r+k N
the control action. Substituting (24) into (32) obtain:

J = (RM;,N - (GNUS,N + FrA ))T (RHls:,N - (GNURN + Ff]\ )) +
+U VAU +

Let }NEHM =R,y — F,y and substituting:

J=(I+I.\ GU/O\)”(N/H«\ GU/O\)

= Rl,{‘rk.NRHk.N - U/M\G<R/+k\ - R/,IJL/«.A\"GNUEN +
+U (GYGy + A ULy +

+ULZANU +

(33)

The procedure for minimising this conditional cost
function term, is almost identical to that when the signals are
deterministic. That is, the gradient of the cost-function must
be set to zero, to obtain the vector of future optimal controls.
Note that the J, term is independent of the control action
and a perturbation and gradient calculation may be applied.

Setting the gradient to zero gives the vector of GPC future
optimal control signals as:

UO\ = (GJJ\;GN + A2 ) Gl ( 1k, N E\) (34)

The GPC optimal control signal at time ¢ is based on the
receding horizon principle [13] and the optimal control is

taken as the first element in the vector: U}, .

F. Equivalent Cost Minimisation Problem

It is now shown that the above problem is equivalent to a
special cost minimisation control problem which is needed
to motivate the NPGMV problem later. Let the constant
positive definite, real symmetric matrix be factorised as:

Y'Y = GIG, + A% (35)

Then observe that by completing the squares in equation
(33) the cost-function may be written as:
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J = Rtj;-hNRHhN - UEJ?/G;RMW
+UE;1\;YTYU2N +J,

= (Rtl-;—k‘NGNYil - UPJ;J;‘NYT ) (YiTG]{/‘RHk‘N - YU:TN)
+ RZ:—I\\N(I - GNY_ly_TG;J )R’HlaN + Jo

5T 0
- Ri+k4NGNULN

That is, the cost may be written in an equivalent form as:

J = ‘i)zT+k,N‘i>z+k,N + Jlo(t) (36)
where
ci)mu/v = Y_Tfo (ka‘/v - F;N) - YUSN (37)

The terms that are independent of the control action may be
written as: J,,(#) =J,+J,(f) where

Ji(t) =

Since the last term J,(¢) in equation (36) does not depend

RIIH. N (‘[ G Y 1Y Gl) t+k,N (38)

upon control action the optimal control is found by setting
the first term to zero, giving the same optimal control as
defined in equation: (34). It follows that the GMV optimal
controller for the above linear system is the same as the
controller to minimise the Euclidean norm of the

deterministic signal: <i>t+k!N , defined in (37).

G. Modified Cost-Function

The above discussion motivates the definition of a new
multi-step minimum variance cost problem that has the same
solution for the optimal controller. This is needed before the
nonlinear problem of real interest can be considered. There
are some mathematical preliminaries and the result is then
presented. Consider first a new signal to be minimised
involving a weighted sum of error and input signals of form:

¢= PCO(Z_I)("([)_)’(I))'FFCO U

The vector of future values of this signal, may be written as:

(39)

0 770

D,y =P E  +F Uy, (40)
Now introduce cost-function weightings, using the original
GMYV weightings, but to have the constant matrix form:

P, =Y "Gl and F® =-yTA? (41)
The reason for this choice of cost terms becomes apparent in
the Theorem 3.1 below. Motivated by the preceding analysis
define a minimum variance multi-step cost-function,

J=E{J} = E{®[,,®.., |t} 42)
Predicting forward k-steps:
Dy =Py (Biyy = Yiw) + F:?UtON (43)

ThA07.3

Now consider the signal: ®,,, . and substitute for the vector

of outputs: Y, = AM,N + 37”“ Then from (43) obtain:
CI)/,H.':A,N = R\ (RH}‘,,“N - (Y;H. N + Yv/+k N )) + E?U/O\ (44)
This expression may be written as:
CI>z+k,1v = CI>t+k,1v + Ci>t+k,1\/ (45)

where the predicted signal:
D, = (P(W(RH,{N Y )+ FU° ) and the prediction

t+k,N

error: &)Hk:w = _RL\~YZ+J<.W' (46)

The performance index (42) may therefore be simplified as:
J=E{J,}= E{( kN +q)r+k v) (q)m N +q>r+k DIk
The terms in the performance index (42) can again be

simplified, recalling the optimal estimate: Y+A y and the

estimation error: Y,

..y are orthogonal and the future

reference or set-point trajectory: R

.y 1S @ known signal.

Thus expanding obtain:
J E{(I)Hk N T t+k,N | t} + E{q)u-k N f t+k,N ‘ t} +
+E{q)r+k N T t+k,N ‘ t} + E{q)fﬂl N ~ t+k,N | t}

=0l Py + B{PL Dy [ 1) (47)
Thence, the cost-function may be written as:

YOEL AN JERAG (48)
The cost term independent of control may be written as:

Ji(t) = B{®L, D,y | 1} = EVL VPLPY, 011 (49)
Now simplify the vector of predicted signals: CiDMA, by

substituting for Ym » from (24) and using (35) and (41):

d =Fy (ka‘/v Yt+k N) + F UO
F CN(GNU/,A' + Ew) + E?U/O\

t+k,N

=FyRn —
Substituting from (35) obtain,

> =L C}V(R/,JrkuN - E\) - YUI?N (50

t+k,N
From a similar argument to that in the previous section the
optimal multi-step minimum variance control sets the first
squared term in (48) to zero. The optimal control follows:
Uly =Y 'Poy(R,,y — F,). This vector of future optimal

controls is the same as the vector of future GPC controls
(34) and these results are summarised below.

Theorem 3.1: Equivalent Minimum Variance Problem
Consider the minimisation of the GPC cost index (29) for
the system and assumptions introduced in §2, where the
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nonlinear subsystem: )V, = [ and the vector of optimal

GPC controls is given by (34). Redefine the cost index to
have a multi-step variance form (42):

J(t) = E{q)z;k‘;vq)ﬁkdv | t} 4

=P, (Ryy —Y,y)+ FUy and the cost
=YV TGl and FO =-y A2,

Then the vector of future optimal controls is identical to the

where @, .

weightings: P,

°N

GPC controls defined in (34). [ |
Solution: The proof follows by simply collecting together
the above results. ]

IV. THE NPGMYV CONTROL PROBLEM

The Nonlinear Predictive Generalised Minimum Variance
(NPGMV) control problem of real interest is now
considered. The actual input to the system is of course the
control signal u(¢), shown in Fig. 1, rather than the input to

the linear sub-system:u,. The cost-function for the

nonlinear control problem of interest must therefore include
an additional control signal costing term, although the
costing on the intermediate signal u,(f) can be retained to
examine limiting cases and to provide a useful actuator
output costing. If the smallest delay in each output channel
of the plant is of magnitude k -steps this implies that the
control signal ¢ affects the output at least k -steps later. For
this reason the control signal costing should be defined as:

(Fau)(1) = 2 (A) (1)

Typically this weighting on the nonlinear sub-system input
will be a linear dynamic operator but it may also be chosen
to introduce an anti-windup capability [9]. The control
weighting operator 7, will be assumed to be full rank and

(5D

invertible. Thus, consider a new signal to be minimised,
involving a weighted sum of error, input and control signals:

O (t) = P.e(t)+ Foqug(t) + (F u)(t) (52)

In analogy with the previous GPC problem a multi-step cost
index may now be defined that is an extension of (42).

J, = B{®, @, |1}

t+k,N

(33)

The signal @'

t+k,N

additional future control signal costing term:

is therefore extended to include the

©?+k\ + F;? U/,(JJ\' + (‘FCI\'L,NUI,.;\)

= Pav(RHkN - Y*t+k4N) + F:(IUPN + (f;kNUt.y)

= P(‘J\' E

t+k.N
(54)
The NL function 7, U, = will have the diagonal form:

(‘};hNUt.y) =

diag{(‘};ku) (), (-}(—AU) (t+1),..., (f:ku) (t+N)} (55)

and Uy = (WU, ,), where M, \ has a block form:

ThA07.3

(M{k,NU[..\') = diag{M, Wy, s WU,
= [Kw) @) ... M)t + N)'T

H. The NPGMYV Control Solution

The solution follows from very similar steps to those in
§3.3 and will therefore be summarised only briefly below.

Observe from (43) that @, =&, +2"(%,,U,,) and
0 £0 <0
Cin = Praw T Priry

where q)(f,]ﬂcw =@t (};k.NUt V)

(56)

= RLV(RH/«.N - YH/«\) + E?U/O\ + (ka\U/ \) (57
and the estimation error:
qB?Jrk,N = q~)t+k,N = _Y_TG1{7Y~HI<,N (58)

The future predicted values in the signal: Ci>?+m involve the

estimated weighted outputs Ym«\ orthogonal to fr AN -

The estimation error is zero mean and the expected value of
the product with any known signal is null. The cost follows:

J() = @ @l + (1)

t+k,N

(59)

where the optimal control sets: <i>?+k\ = 0. The condition

for optimality has the form:

Ruv(RHk‘N - Y*t+k4N) + (f;kw + E?M{kN )Ui =0

N

(60)

1. The Nonlinear Predictive GMV Control Signal

The future optimal control signals, to minimise the cost
index:(59), follows from (60) and satisfies:

Ut N T (f;kw - Y_TA?VM{k‘N )_1 Pm (RHMV - thv) (61)

An alternative solution of equation (60),

U, = —fdl» (Pm(R/,Jrk,w - Y/,Jrk,w) - YiTA;Q‘V)/I/l'k.NUI,,,\v ) (62)

t.N

The optimal predictive control law is clearly nonlinear, since

it involves the nonlinear control signal costing term: %,
and the nonlinear model for the plant: }/ . Further
simplification is possible by substituting from (24) for the

estimate Y,

L » since (60) may be written as:

P, (Rt+k4N - EN) +(‘;(-21\:N - (PmGN - Fp? )M{k‘N )Ui ,=0

and substituting from (41) the condition for optimality:

P{» (R/,Jrk,w - E\) +(ka\ - Y}/’{m )U/,.,\v =0 (63)
The two alternative solutions for the future controls:
U, = _(f;k,.w — Y x )71 RLV(RH/«.N - E\) (64)
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U, ==Zis (PR = Fy) = YU, ) (65)
The controller again invokes a receding horizon philosophy.
The assumption needed to ensure closed-loop stability is
explained in the analysis of stability in [§].

Theorem 4.1: Nonlinear Predictive GMV Control Law
Consider the linear components of the plant and

disturbance model in (2) and the plant model in (1), with

input from the nonlinear finite gain stable plant dynamics

W, . Let the dynamic error P.(z') and the input

. . “ e 1
weightings {4,,...,4,} be specified and assume the controf;;ﬁ:;w

the

ThA07.3

Thence, u(t)= [I,0,....,0] U (71)

t.v

To be able to compute the vector of future controls for r > 0

signal  cost-function weighting is defined in

form: (Au)(t)=(A,u)(t—k), where k represents any®

The

multi-step predictive control cost-function to be minimised,
involves a sum of future cost terms, defined in vector form:

explicit delay and %, is full rank and invertible.

This signal ®!,, . includes the vector of future error, input

and control signal costing terms:

P =By Ey, + FLU +(ZsU) (67)

+k.v

where P, =Y ' Gy,
a diagonal control weighting (55). Also define the constant
matrix factorY to satisfy: Y'Y = GJG, + A%, then the
NPGMYV optimal control law to minimize the variance (66)
is given as:

Uy = _(f;k‘zv YW~ )_1 ‘Pm(Rt-ﬁ—k‘N - F;N)

Fc(z)v =-Y _TAfV and #, , is normally

(68)

The preferred expression for implementation of the vector of
future optimal control signals, assuming the current control
is found using the receding horizon philosophy, follows:

U, = _ﬁxlw ( P, (R/,+k.N - E\) - Y)/I/l'k.NUl, \) (69)

t.N

where the signals F, y = H,, (27 )z(t) + Sy, (27" Ju, (t = 1)

and u,(t) = Dy (27 Ju,(t) - [
Solution: The proof of the NPGMYV optimal control follows
by simply collecting the results in the above section. ]

The two expressions for the NPGMV control signal (68)
and (69) lead to the two alternative structures, shown in
Figs. 3 and 4, respectively. The second, shown in Fig. 4
shows how the current and future controls may be separated
from the full vector of future controls, as explained below.

J.  Implementation of the Predictive Optimal Control

A useful partition may be introduced which enables the
algorithm to be simplified. The control at time ¢ is computed
for N > 0 from the vector of future controls by introducing:

C,, =[1,0,....,0] (70)

also introduce the matrix: C,, =[0 1,] (72)
u(t) u(t+1)
Uly=CuUiy =[0 L)+ |= (73)
u(t+ N) u(t + N)
Controller subsystem Nonlinear  Disturbance
-- lan
| e {:l Output
> BB x—Ex) —(f;kN —YM&N)_I ‘ Mﬁ; [N

Nonlinear operator term

Observations z

Fig. 3: First Form of NPGMV Controller Structure

Controller structure
Future controls

Noise
_____________________________________________
Y +
w

+
\_‘_l Output z

'
! Disturbance

Future
reference

YW ULy

R+A.N +
] v 'y

Observations

Fig. 4: Second Form of NPGMYV Controller

Note from (70), because of the block diagonal structure of
the control signal costing %,  , then O, %'y

=[~A",0,...,0]= ~;'C,,. Using (69) the optimal control:

u(t) = - f:k_lcm (IDQV(RHk‘N - F;N) -Y.\U, ‘w) (74)
The vector of future controls, computed at time t,
U/{N = _CUI‘;;EN (P(:,\v(R/,Jrk,w - E\) - Y)/I/l'k.NU/,,,v) (75)

Also note from equation (56) that ¥, (U, , may be given as:
MxU,,) = [0K) (0o, OKu) (£ + N)'T

=[0Kw)(®)", HMexaULW)' T (76)

Using a related partition, write the matrix Y in the
form:Y =[Y, Y,], where ¥, has m, columns, so that:
YU, =1, LKW, =Y, 0800 +Y, 0%, U ly)
Using (74) the current and future NPGMYV optimal controls:
u(t) = ‘f;;lcm [P, (Rpy = Fiy)

=Y, (W) (8) =Y %, .Ul ] (77)
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Ut]jN = ‘Cmf;;_lfv (va(RHk.N - FfN) +
=Y, (0 u)(t) =Y, (M{k,l\'—lUtij )

There is a considerable simplification to the structure of the

controller if the matrix Y'Y defined in (35), is factorised
into a block lower triangular matrix form Y where the first
m, rows of Y, are null. The last terms in (77) is then null,

(78)

since the term: C})Y, = 0.

Lemma 4.1: NPGMYV Control Law Properties

Consider again the system described in §2 and the
predictive control problem for the cost index (53) (N > 0).
The nonlinear plant operator: |, is assumed to be finite

gain stable and for closed-loop stability the operator:

((Yn + Cm])a\vVVNk) }/’{k - f:k)

is assumed to have a stable causal inverse, due to the choice
Fy,
By partitioning the optimal control to be applied

of the weightings that determine the operators: P, ,
and A, .

at time ¢, invoking the receding horizon principle, the
vectors of current and future predicted controls:

u(t) = _}:;Cm (Ruv(RHk‘N - F;N) - K(M{ku) (t)) (79
Utf,N =-Cy f;_AlN (Pm (Rt+k,N - F;N) -Y (}/’{ku) (t) +
- YQ (}/l{k‘,N-lUtj:N )) (80)

where C,, =[1,0,...,0], C,=[0 1,], and Y is assumed

to be factorised into a block lower triangular form
Y=[Y, Y,] with C,Y, =Y,,. If the error and input cost-

function weightings are defined in the GPC motivated form:
P, =Y "G} and F® =-Y A3 then for a linear system
(W, =1) the limiting form of the optimal control when
/. — 0 is identical to a standard GPC control law.

Solution: The different forms of the control law for
computation follows by collecting the results in the section
above and the relationship to linear GPC control was
established from the definitions of the weightings in § 3 and
in the Theorem 3.1. The assumption made to ensure closed-
loop stability, at the beginning of the theorem, is justified in
the analysis of stability in [9]. ]

Remarks: The condition C})Y, =0 is a valuable property

since it ensures future controls do not create an algebraic
loop in the calculation of the current control. This also
simplifies the computation of current control, as in Fig. 5.

V. CONCLUDING REMARKS

The Nonlinear Predictive Generalised Minimum Variance
(NPGMV) control design problem for a state-space system
involved a multi-step predictive control cost-function and
provided a method of introducing future set-point
information. The predictive controls strategy described is a

ThA07.3

development of the nonlinear generalised minimum variance
(NGMYV) design method which has been shown to be easy to
design and implement. It also has the nice property that if
the system is linear then the control can revert to the
generalised predictive control design method which is well
known and well accepted in industry. That is, the NPGPC
control design method reduces to that of GPC control design
when the weight %, tends to zero and the system is linear.

Controller structure Noise

1 Future
!reference

Disturbance

Observations

NPGMYV Control Signal Generation

Fig. 5:
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